We consider the following firefighter problem on a graph G = (V, E).
Introduction
The following firefighter problem was introduced by Hartnell [8] in 1995 in an attempt to model the spread of fire, diseases, computer viruses and suchlike in a macro-control level. A fire breaks out at a vertex of a graph G = (V, E) at time 0. For each time interval (i, i + 1], i ≥ 0, a firefighter protects one vertex not yet on fire (the vertex remains protected afterwards), and the fire spreads from burning vertices (i.e., vertices on fire) to all unprotected neighbors of these vertices. The process ends when the fire can no longer spread, and all vertices that are not burning are saved. The objective of the firefighter is to save as many vertices as possible.
It is not surprising that the firefighter problem is very difficult. Indeed, it has been shown by Finbow et al. [4] that the problem is NP-complete even for trees of maximum degree 3. On the other hand, Hartnell and Li [9] have proved that a simple greedy method for trees is a 1 2 -approximation algorithm, and MacGillivray and Wang [7] have given a 0-1 integer programming formulation of the problem for trees and solved the problem in polynomial time for some subclass of trees. Recently, Cai, Verbin and Yang [1] have obtained a (1−1/e)-approximation algorithm for trees based on a linear programming relaxation and randomized rounding, and they have also considered fixed parameter tractability of the problem on trees. Furthermore, several authors (Develin and Hartke [2] , Fogarty [6] , and Wang and Moeller [10] ) have considered various aspects of the problem for d-dimensional grids, especially the number of firefighters required to contain the fire. We refer the reader to a recent survey of Finbow and MacGillivray [5] for more information on the firefighter problem.
In this paper, we study the fire defending ability of a graph as a whole by considering the average percentage of vertices the firefighter can save. Let sn(v) denote the maximum number of vertices in G the firefighter can save when a fire breaks out at vertex v, which will be referred to as the surviving number for v. We define the surviving rate ρ(G) of G to be the average percentage of vertices that can be saved when a fire randomly breaks out at a vertex of the graph, i.e.,
For example, the surviving rates of paths and cycles are ρ(P n ) = 1− 2 n + 2 n 2 for n ≥ 2 and ρ(C n ) = 1 − 2 n . We note that the concept of surviving rates is closely related to the notion of expected damage introduced by Finbow et al. [3] who investigated graphs of minimum expected damage. To be precise, ρ(G) = 1 − ed(G)/n, where ed(G) = 1 n v∈V (n − sn(v)) is the expected damage ed(G) of G. Our main results are the following lower bounds on surviving rates of trees, outerplanar graphs 1 and Halin graphs 2 :
if G is an outerplanar graph, 3/10 if G is a Halin graph with at least 5 vertices.
In the rest of the paper, we fix notation and give definitions in Section 2. We then establish lower bounds on the surviving rates of trees (Section 3), outerplanar graphs (Section 4), and Halin graphs (Section 5). We will also discuss future directions and propose some open problems in Section 6.
Notation and definitions
All graphs in this paper are connected undirected simple graphs with m edges and n ≥ 2 vertices. For a graph G = (V, E) and a vertex v ∈ V , d(v) denotes the degree of v in G, and N (v) the set of neighbors of v, i.e., vertices adjacent to v. A d-vertex is a vertex of degree d, and we use V d and n d , respectively, to denote the set and the number of d-vertices in G. We use ∆ to denote the maximum degree of G.
For a subgraph H of G, we use sn(H) = v∈V (H) sn(v) to denote the surviving number for H, sn(H) = sn(H)/|V (H)| to denote the average surviving number for H. We will also use the above notation and terms for a subset V of vertices, e.g., sn(V ) denotes the surviving number for V .
A rooted tree is a tree T with one vertex r chosen as the root. For each vertex v in T , its neighbor on the unique (r, v)-path in T is the parent of v, and each of the other neighbors of v is a child of v. A vertex u is a descendant of v if v is on the the unique (r, u)-path in T . A rooted subtree T v of T is the subtree of T consisting of v, which is the root of T v , and all other descendants of v. The height of a rooted tree T r is the length of a longest root-to-leave path, and the height of a vertex v in T r is the height of the rooted subtree T v .
Trees
Let us start with the following simple observation: if the firefighter protects vertices u 1 , u 2 , · · · , u t successively to save k vertices in a graph G then for any spanning subgraph H of G, he can protect these vertices in the same order to save at least k vertices in H. This implies the following connection between surviving rates of a graph and its spanning subgraphs. 
The above fact indicates that, among all graphs, trees have the highest surviving rates as every connected graph contains a spanning tree. Since we can save at most n − d(v) vertices when a fire breaks out at a vertex v, every tree T satisfies
We note that trees attaining this upper bound are exactly caterpillars 3 where the distance between every pair of vertices of degree at least 3 is not equal to 2, which was shown by Finbow et al. [3] in their study of graphs with minimum expected damage. Table 1 gives surviving rates of small trees. In this section, we show that the surviving rate of every tree on n vertices is greater than 1 − 2/n, which tends to 1 as n → ∞. To establish this lower bound, we first give two lemmas about surviving numbers for paths and subtrees in a tree. Lemma 3.2 For every path P on k ≥ 2 vertices in a tree T , sn(P ) > (k − 2)n.
Proof.
Let 
Lemma 3.3 For every rooted subtree S of height h ≥ 0 in a rooted tree T , sn(S) ≥ (n − h − 1)|S|, where |S| is the number of vertices in S.
Proof. When a fire breaks out at a vertex v of S, we use the simple strategy of protecting its parent in T , which will save all vertices in T −T v (note that T v = S v ). If S = T and the fire breaks out at the root, we protect a child of the root.
and thus
The above lemma implies that the surviving rate of a tree of small diameter is close to 1, where the diameter diam(G) of a graph G equals the maximum pairwise distance in G.
Corollary 3.4 For every
Proof. Let P = v 0 , v 1 , · · · , v t be a longest path in T and h = t/2 = diam(T )/2 . We can make T a rooted tree of height h by choosing v h as the root, and the bound follows directly from Lemma 3.3. Now we establish the 1 − 2/n lower bound on the surviving rate of a tree. For a rooted tree on n vertices, a long path is a path that contains at least √ 2n vertices, and a short tree is a rooted subtree whose height is at most √ 2n − 2. Clearly, if a rooted subtree does not contain a long path from the root to a leaf, then it is a short tree. The main idea in our proof is to partition a rooted tree into long paths and short trees, and then use Lemma 3.2 and Lemma 3.3 to obtain a lower bound on the surviving rate of the tree. We choose √ 2n to define long paths in order to balance the lower bounds from these two lemmas.
Proof. It suffices to prove the theorem for n ≥ 3. We first make T a rooted tree by arbitrarily choosing a vertex as its root, and then use induction on the height of T to show that T can be partitioned into long paths and short trees.
Let P be a longest root-to-leaf path in T . If P has less than √ 2n vertices, then the height of T is at most √ 2n − 2. Therefore T itself is a short tree and we are done. Otherwise, we delete all vertices of P from T to obtain a forest F . Note that F is a collection of rooted trees, and the choice of P guarantees that every rooted subtree of any rooted tree in F is also a rooted subtree of T . Furthermore, the height of any rooted tree in F is one less than that of T . By the induction hypothesis, each rooted tree in F can be partitioned into long paths and short trees. These partitions and P together give us a required partition of T .
Let P be the set of long paths and S the set of short trees in the partition. Denote by |P | the number of vertices in a path P , |S| the number of vertices in a short tree S, and h(S) the height of S. If T itself is a short tree, and the theorem follows directly from Lemma 3.3. Otherwise |P| ≥ 1 and it follows from Lemma 3.2 and Lemma 3.3 that
, and it follows that
Outerplanar graphs
In this section we prove that the surviving rate of every outerplanar graph with at least 2 vertices is greater than 1 6 . For this purpose, we first give a lower bound on the surviving number for a vertex in a maximal outerplanar graph 4 . Proof. Let G * be an outerplanar embedding of G. Then the boundary of the outer face of G * forms an n-cycle C. For two vertices x and y in C, let C[x, y] denote the section of C from x to y, and let C[x, y) = C[x, y] \ {y}. Let v be a d-vertex and x 1 , x 2 , · · · , x d its neighbors ordered according to their orders in C.
and the lemma is clearly true. Otherwise |C[x t , x t+1 ]| ≥ 3 and by the maximality of G, there is a unique vertex y t ∈ C(x t , x t+1 ) that forms a 3-face with vertices x t , x t+1 (see Figure 1 ). Clearly, one of C[x t , y t ] and C[y t , x t+1 ], say C[x t , y t ], contains at least (n − 2)/2(d − 1) + 1 vertices. When a fire breaks out at v, we protect x t first and then y t to save all vertices in C[x t , y t ]. Therefore
We now use the above lemma to establish the following lower bound on surviving rates of outerplanar graphs. Proof. In light of Fact 3.1, it suffices to prove the theorem for every maximal outerplanar graph G since every outerplanar graph is a spanning subgraph of some maximal outerplanar graph. Also we assume n ≥ 4 as the theorem is clearly true for n = 2, 3. 
To
We now use Equation (1) to show that β > n.
we have β > n + 3 and therefore
Halin Graphs
In this section we show that the surviving rate of every Halin graph with n ≥ 5 vertices is greater than 3/10. Recall that a Halin graph is formed from a planar embedding of a tree T without 2-vertices by connecting all its leaves by a cycle C that crosses no edges. We note that a Halin graph contains at least 4 vertices and at most 2n − 2 edges. Table 2 gives surviving rates of small Halin graphs.
We assume that a planar embedding of a Halin graph G is given where all vertices in the cycle C lie on the outer face. All vertices not on C, i.e., nonleaf vertices of the tree T , are internal vertices, and neighbors of a vertex are ordered anticlockwisely. We also use the following legend for the figures in this section: the source of a fire is indicated by a black vertex, a vertex on fire is shaded, a To obtain a lower bound on the surviving rate of a Halin graph, we start with two lemmas on the surviving number for a vertex. The first lemma shows that some vertices on the cycle C cause very little damage to the graph when they are sources of fire, and the second lemma gives a lower bound on the surviving number for a vertex in terms of its degree.
Lemma 5.1
The cycle C of every Halin graph G contains at least two vertices such that the surviving number for each vertex is at least n − 5.
Proof. The lemma is trivially true for n ≤ 6 and thus we may assume n ≥ 7. Let T be the tree obtained from the tree T of G by removing all leaves of T , i.e., vertices of the cycle C of G. Case 2. All leaves of T have degree 3 in G. Let P be a longest path in T . Since G has at least 7 vertices, T contains at least two vertices. We claim that for each end of P , there is a distinct vertex on C whose surviving number is at least n−5. Let v be an arbitrary end of P , and u the unique vertex in T that is adjacent to v. Order the neighbors N G (u) of u in G anticlockwisely. Let x ∈ N G (u) be the vertex immediately preceding v and y ∈ N G (u) the vertex immediately following v. If one of x, y, say x, is on C, then we have the situation shown in Figure 3(a) , and the surviving number for vertex z in the figure is at least n − 4. Otherwise, both x and y are vertices of T . Since v is an end of a longest path in T , one of x, y, say x, is a leaf of T and we have the situation shown in Figure 3(b) . As illustrated in the figure, the surviving number for vertex z is at least n − 5. Proof. We consider two cases depending on whether vertex v is in the cycle C. Without loss of generality, we may assume that the rightmost subtree T of u contains at least (n − 1)/3 vertices. If the cycle C has at least two more vertices from v to the leftmost vertex of T , we can save all vertices in T by protecting its rightmost vertex, root, and leftmost vertex in this order (see Figure 4(a) ), which implies sn(v) ≥ (n − 1)/3. Otherwise, C has only one vertex from v to the leftmost vertex of T and thus T contains n − 3 vertices. We first protect the rightmost vertex of T and then the root of T . At this point, the leftmost vertex of T is on fire. From now on, we contain the fire to spread along the cycle C anticlockwisely by protecting the unique internal neighbor w of the vertex x most recently on fire until we have the situation that w has been protected already. When this happens, we protect the right neighbor x of x on C (do nothing if x has been protected already) and the fire can no longer spread (see Figure 4(b) ). Therefore we save more than half of the vertices in T , and thus sn(v) > (n − 3)/2 ≥ (n − 1)/3 for n ≥ 7. In this case, let S denote the tree rooted at u after deleting both the leftmost and rightmost subtrees of u from T − v. Then S contains at least (n − 1)/3 ≥ 2 vertices as n ≥ 7. Without loss of generality, we may assume that the leftmost subtree of u contains at least as many vertices as the rightmost subtree of u. If the leftmost subtree of u contains at least two vertices, then C contains at least two more vertices from v to the leftmost vertex of S, and we can save all vertices in S by protecting vertices in the order shown in Figure 5 (a), implying sn(v) ≥ (n − 1)/3. Otherwise, both the leftmost and rightmost subtrees of u contain one vertex, and thus S has n − 3 vertices. We protect vertex u first, then the rightmost vertex in S. At this point, the leftmost vertex of S is on fire and we protect vertices in S as what we did for T in Case 1.1 to contain the fire to spread along the cycle C anticlockwisely (see Figure 5(b) ). Therefore we save more than half of the vertices in S, and thus sn(v) > (n − 3)/2 ≥ (n − 1)/3 for n ≥ 7.
Case 2. v is not a vertex in C.
In this case, v is an internal vertex of T . Regard T as a tree rooted at v, and and T r(u) , say T l(u) , contains at least two vertices, we can save all vertices in T u by first protecting u first, then the rightmost vertex of T u , followed by the leftmost vertex of T u (see Figure 6 (a)). Otherwise, both T l(u) and T r(u) contain one vertex and thus T u contains at least 2(n − 1)/d(v) − 1 vertices since T u ∪ T r(u) has at least 2(n − 1)/d(v) vertices. We first protect vertex u and then the rightmost vertex of T u . At this point, the leftmost vertex in T u is on fire and we deal with T u as what we did for T in Case 1.1 to contain the fire to spread along the cycle C anticlockwisely(see Figure 6 (b)). Therefore we save at least 1 + (n u − 1)/2 vertices in T u , where n u is the number of vertices in T u , which yields sn(v)
We now use Lemma 5.1 and Lemma 5.2 to obtain a lower bound on the surviving rate of a Halin graph. assume n ≥ 9. We also note that the number of leaves in an n-vertex tree equals
where n d is the number of d-vertices in the tree. This is easily derived from the following relation:
We are now ready to establish the lower bound in the theorem. By Lemma 5.1, the cycle C contains two vertices x, y such that each of them has surviving number at least n − 5. Let V = V (C) − {x, y}. Since the vertices in the cycle C of G are exactly the leaves of the tree T of G, we have
Therefore each internal vertex v can be matched with d(v) − 2 distinct vertices V (v) in V , and we consider the surviving number for {v} ∪ V (v) collectively.
Note that vertices in V are 3-vertices and every internal vertex has degree at least three. By Lemma 5.2, we have sn(v) ≥ (n − 1)/d(v) for each vertex v. Therefore the average surviving number
).
In the interval [3, ∞), function f (x) = 1 + 2/(x − 1) − 3/x monotonically decreases in [3, 3 + √ 6) and monotonically increases in (3 + √ 6, ∞). Since 3 + √ 6 ≈ 5.45, f (d(v)) reaches its minimum at d(v) = 5 or 6, which is 
Concluding Remarks
In this paper, we have introduced the notion of the surviving rate of a graph for the firefighter problem to measure the fire defending ability of a graph as a whole, and studied surviving rates of trees, outerplanar graphs, and Halin graphs.
Trees, outerplanar graphs and Halin graphs all have constant lower bounds on their surviving rates. In other words, for every graph in these graph classes, we can save, on average, at least a constant percentage of vertices when a fire breaks out at a vertex. It is natural to ask if other graph classes have this property as well. In particular, one may wish to generalize this property to planar graphs. Unfortunately, for planar graphs K 2,n , lim n→∞ ρ(K 2,n ) = 0. Nevertheless, we feel that this property holds for planar graphs of maximum degree 3.
Conjecture 6.1 There is a positive constant c such that every nontrivial planar graph G of maximum degree 3 satisfies ρ(G) ≥ c.
On the other hand, we can also generalize the surviving rate of a graph to k-surviving rate by allowing the firefighter to protect k ≥ 2 vertices each time, which brings us the following problem for planar graphs. Problem 6.2 Determine the minimum k for which planar graphs have a constant lower bound on their k-surviving rates.
The lower bounds of surviving rates we have obtained for trees, outerplanar graphs and Halin graphs are not tight. It would be interesting to improve these lower bounds. However, this may require new techniques, instead of detailed analysis. For outerplanar graphs and Halin graphs, it is unclear whether their asymptotic surviving rates are 1. We note that there are infinitely many outerplanar graphs (n-fans, for instance) and Halin graphs (n-wheels, for instance) G with ρ(G) approaching 1 as n → ∞. Problem 6.3 For outerplanar graphs (Halin graphs, respectively) G on n vertices, determine whether lim n→∞ ρ(G) = 1.
We have shown that the surviving rate of an n-vertex tree T is at least 1 − 2 n , which approaches 1 as n tends to infinity. We conjecture that actually ρ(T ) approaches 1 much more quickly:
Conjecture 6.4 For every n-vertex tree T , ρ(T ) ≥ 1 − Θ( log n n ).
In terms of algorithmic and complexity issues, we certainly expect that it is very difficult to determine the surviving rate of a graph, but it seems not easy to obtain an NP-completeness proof.
Conjecture 6.5 It is NP-complete to determine the surviving rate of a tree.
We also note that the proofs of our theorems imply polynomial-time approximation algorithms for surviving rates of trees, outerplanar graphs and Halin graphs. In particular, our discussions in Section 3 imply a polynomial-time (1 − 2 n )-approximation algorithm for the surviving rate of a tree. On the other hand, it follows directly from a result of Hartnell and Li [9] that the following greedy method for trees is a 1 2 -approximation algorithm for the surviving rate of a tree: every time the firefighter protects a vertex that cuts off the maximum number of vertices from the fire. We feel that this greedy algorithm achieves a much better approximation ratio for surviving rates, and leave its performance analysis as the last open problem of the paper. Problem 6.6 Determine the approximation ratio of the greedy algorithm for the surviving rate of a tree. Is it actually equal to 1 − Θ( log n n )?
